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a b s t r a c t
This paper is a continuation of previous work by Győri, Sárközy,
and the author, concerning the maximal number of integers that
can be selected from {1, 2, . . . ,N} so that none of them divides the
product of k others.
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1. Introduction and main result
LetA be a subset of the natural numbers N. For k ∈ N, we say thatA possesses property Pk if there
are no distinct elements a, a1, . . . , ak ∈ A with a dividing a1a2 . . . ak. Denote the set of theseA’s by
Pk := {A : A ⊂ N,A possesses property Pk}. We write
Fk(x) := max
A⊂[1,x]
A∈Pk
|A|.
For k = 1, the setsA ⊂ Nwith property P1 are called primitive sequences and are studied by many
people, including Erdős.
The case k = 2, i.e., sets of integers, none of which divides the product of two others, has been
studied by Erdős [2].
Recently, Győri, Sárközy, and the author [1] studied the case k = 3. Our goal in this paper is to
determine the size of Fk(x) for a large range of k, namely, to prove the following theorem.
Theorem 1. There exist absolute constants c1, c2 > 0 such that, for any real number x > e48 and any
integer 2 ≤ k ≤ 16

log x
log log x ,
π(x)+ c2
(k+ 1)2
x2/(k+1)
(log x)2
≤ Fk(x) ≤ π(x)+ c1(k+ 1)2 x
2/(k+1)
(log x)2
.
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In particular, for fixed k, Theorem1 gives the correct order ofmagnitude for Fk(x) apart from constants.
The next challenge will be to narrow the gap between the constant factors c2
(k+1)2 and c1(k + 1)2, or
even determine the precise dependency of these factors as a function of k.
2. Classification lemma
Generalizing the classification lemma in [1], we have the following.
Lemma 1. For any real number x > e48 and any integer 2 ≤ k ≤ 16

log x
log log x , every integer 1 ≤ n ≤ x
can be factored as n = a1a2 . . . ak, where either
(I) a1 ≥ a2 ≥ · · · ≥ ai > x2/(k+1)(log x)2 ≥ ai+1, . . . , ak for some 1 ≤ i ≤ k+12 , where a1, . . . , ai are primes
and ai+1, . . . , ak are integers (not necessarily primes);
(II) x2/(k+1)(log x)2/(k−1) ≥ a1 > x2/(k+1)(log x)2 ≥ a2, . . . , ak, where a1 = q1q2 for some primes q1, q2, and
a2, . . . , ak are integers (not necessarily primes); or
(III) x
2/(k+1)
(log x)2
≥ a1, a2, . . . , ak, where a1, . . . , ak are integers (not necessarily primes).
Moreover, there are at most O

(k+ 1)2 x2/(k+1)
(log x)2

numbers a1 arising from type (II).
Proof. We will prove this by strong induction on k. Suppose that the lemma is true for integers from
2 up to k−1. For any 1 ≤ n ≤ x, let n = p1p2 . . . pl with p1 ≥ p2 ≥ · · · ≥ pl be its prime factorization.
First, consider the situation in which p1 ≥ p2 ≥ · · · ≥ pi > x2/(k+1)(log x)2 ≥ pi+1 ≥ · · · ≥ pl for some
i ≥ 1. Note that i ≤ k+12 . Then
pi+1 . . . pl ≤ x(k+1−2i)/(k+1)(log x)2i ≤ x(k−i)/(k+1)(log x)2i =: Λ.
One can check that k ≤ 16

log x
log log x implies that
k− i ≤ 1
6

log(x(k−i)/(k+1))
log log x
≤ 1
6

log(x(k−i)/(k+1))
log log(x(k−i)/(k+1))
≤ 1
6

logΛ
log logΛ
.
Here, one uses the fact that log ulog log u is an increasing function when u > e
e and the observation that
k−i
k+1 ≥ 12 − 1k+1 ≥ 16 . So the above inequalities are valid when x(k−i)/(k+1) ≥ x1/6 ≥ ee. This partially
explains the requirement that x > e48 in the lemma.
By induction hypothesis, pi+1 . . . pl can be written as ai+1 . . . ak, a product of k− i numbers. Since
x2/(k+1)
(log x)2
≥ pi+1 ≥ · · · ≥ pl, if pi+1 . . . pl is of type (I), we must have
aj ≤ x
2/(k+1)
(log x)2
or aj ≤ Λ
2/(k−i+1)
(logΛ)2
for i+ 1 ≤ j ≤ k. (1)
If pi+1 . . . pl is of type (II) or (III),
aj ≤ Λ2/(k−i+1)(logΛ)2 ≤ x
2(k+1−2i)
(k+1)(k+1−i) (log x)
4i
k−i+1+2 for i+ 1 ≤ j ≤ k, (2)
as one can check that Λ ≤ x whenever k ≤ log x4 log log x . Now k+1−2ik+1−i and 4ik−i+1 are decreasing and
increasing functions of i, respectively. Thus, putting in i = 1 and i = k+12 , respectively,
aj ≤ x
2(k−1)
(k+1)k (log x)6 ≤ x
2/(k+1)
(log x)2
for i+ 1 ≤ j ≤ k (3)
whenever (log x)8 ≤ x2/(k(k+1)). And this is true when k ≤ 16

log x
log log x . Therefore, in all cases, whether
(1) or (2) holds, we have aj ≤ x2/(k+1)(log x)2 for i+ 1 ≤ j ≤ k. Hence n is of type (I).
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Note that, for the base case k = 2, we do not need to invoke any induction hypothesis. If
p1 > x
2/3
(log x)2
, then p2 . . . pl < x1/3(log x)2 ≤ x2/3(log x)2 as x > e48 (again this explains the requirement for
x in the lemma). So one can simply take a1 = p1 and a2 = p2 . . . pl.
For the remainder of the proof, no induction hypothesis is needed. Now we may assume that all
the pj’s are less than or equal to
Θ := x
2/(k+1)
(log x)2
.
Wemay also assume that l > k, for otherwise n is of type (III), aswe can simply take a1 = p1, . . . , ak =
pk (with the convention that pj = 1 if k ≥ j > l).
Suppose that pjpj+1 ≤ Θ for all j = 1, 2, . . . , l − 1. Then set a1 = p1p2, a2 = p3p4, . . . , ak =
p2k−1p2k (with the convention that pj = 1 if 2k ≥ j > l). If l ≤ 2k, then n is of type (III). If l > 2k, we
carry out the following procedure.
(i) For j = 2k+ 1, 2k+ 2, . . . , l.
(ii) For t = 1, 2, . . . , k, we consider the number atpj.
(iii) If atpj ≤ Θ , then we update at to be atpj and increment j by 1. Then we continue with (ii) if j ≤ l.
Otherwise we stop, as we are done inserting the primes.
(iv) If atpj > Θ , then we increment t by 1 and go back to (ii) if t ≤ k. Otherwise we stop, as pj cannot
be inserted anywhere.
If we stop at (iii), it means that we can write n = a1 . . . ak with a1, a2, . . . , ak ≤ Θ , and n is of type
(III).
If we stop at (iv), it means that p = pj cannot be inserted to any of the a1, a2, . . . , ak. This implies
that as > Θ/p for 1 ≤ s ≤ k. Thus
Θ
p
k
p < a1 . . . akpj ≤ n ≤ x ⇒ p > x
1/(k+1)
(log x)2k/(k−1)
.
But this is impossible, as p1 ≥ p2 ≥ · · · ≥ p2k ≥ pj = p > x1/(k+1)(log x)2k/(k−1) would imply that
n ≥

x1/(k+1)
(log x)2k/(k−1)
2k
> xwhen x
k−1
k+1 > (log x)
4k2
k−1 . This can be checked to be truewhen k ≤ 16

log x
log log x ,
similar to (3).
Now it remains to consider the situation in which pjpj+1 > Θ for some j ≤ l − 1. Let s be the
index such that psps+1 > Θ and ps+1ps+2 ≤ Θ . We must have s ≤ k, for otherwise, if s > k, then as
p1p2 ≥ p2p3 ≥ · · · ≥ psps+1 > Θ , we have pj > x1/(k+1)log x for 1 ≤ j ≤ s− 1 and
n ≥ p1 . . . ps−1(psps+1) >

x1/(k+1)
log x
k x2/(k+1)
(log x)2
≥ x
when k ≤ 16

log x
log log x , similar to how we checked (3).
Case 1: s < k. Set a1 = p1, a2 = p2, . . . , as = ps, as+1 = ps+1ps+2, as+2 = ps+3ps+4, . . . , ak =
ps+2(k−s)−1ps+2(k−s). If 2k − s ≥ l, then n is of type (III) (again we adopt the convention pj = 1 if
j > l). Otherwise we can insert the remaining primes similar to the above procedure (with a slight
modification to step (i) that j = 2k− s+ 1, . . . , l).
If we stop at (iii), then n is of type (III).
Ifwe stop at (iv), then again the largest remaining prime p > x
1/(k+1)
(log x)2k/(k−1) . Then, as 2k−s ≥ l ≥ k+1,
n ≥ p1 . . . ps+2(k−s)p >

x1/(k+1)
(log x)2k/(k−1)
k+2
> x (4)
when k ≤ 16

log x
log log x , similar to (3). This is impossible.
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Case 2: s = k. Set a1 = pkpk+1, a2 = p1, . . . , ak = pk−1. Nowwe imitate the above procedure with
slight changes in steps (i) and (ii).
(i′) For j = k+ 2, . . . , l.
(ii′) For t = 2, . . . , k, we consider the number atpj.
(iii) If atpj ≤ Θ , thenwe update at to be atpj and increment j by 1. Thenwe continue with (ii′) if j ≤ l.
Otherwise we stop, as we are done inserting the primes.
(iv) If atpj > Θ , thenwe increment t by 1 and go back to (ii′) if t ≤ k. Otherwise we stop, as pj cannot
be inserted anywhere.
If we stop at (iv), then the largest remaining prime p = pj cannot be inserted to any of the
a2, a3, . . . , ak. This implies that as > Θ/p for 2 ≤ s ≤ k. Thus
Θ

Θ
p
k−1
< a1 . . . ak ≤ n ≤ x ⇒ p > x
1/(k+1)
(log x)2k/(k−1)
.
But this is impossible, as p1 ≥ p2 ≥ · · · ≥ pk+1 ≥ pj = p > x1/(k+1)(log x)2k/(k−1) would imply that
n ≥

x1/(k+1)
(log x)2k/(k−1)
k+2
> x when k ≤ 16

log x
log log x , just as in (4). Therefore the procedure stops at
step (iii), and n is of type (II) with q1 = pk and q2 = pk+1.
To count the number of possible a1 = q1q2 = pkpk+1 arisen from above, we first note that
pk+1k+1 ≤ p1 . . . pk+1 ≤ n ≤ x. So pk+1 ≤ x1/(k+1). Second, we also have pk+1pkk ≤ p1 . . . pk+1 ≤ n ≤ x.
So pk ≤

x
pk+1
1/k
. Therefore the number of a1’s is
≤
−
pk+1≤x1/(k+1)
−
pk≤

x
pk+1
1/k 1≪
(k+ 1)x1/k
log x
−
pk+1≤x1/(k+1)
1
p1/kk+1
≪ (k+ 1)
2x2/(k+1)
(log x)2
by Chebyshev’s estimate and partial summation.
Finally, we need to bound a1 = pkpk+1. From above, we know that pk+1 ≤ x1/(k+1). We claim that
pk ≤ x1/(k+1)(log x)2/(k−1), for otherwise
x ≥ p1p2 . . . pk−1(pkpk+1) > (x1/(k+1)(log x)2/(k−1))k−1 x
2/(k+1)
(log x)2
= x.
Therefore pkpk+1 ≤ x2/(k+1)(log x)2/(k−1), and this completes the proof of Lemma 1. 
3. Multi-set covering lemma
Let X be an m-element set, say {x1, x2, . . . , xm}. We want to consider multi-sets of X (where an
element can occur more than once). For example, {x1, x1, x2} is a multi-set of X of size 3. In general,
we can think of amulti-set of size k as a vector (a1, a2, . . . , am)with non-negative integer entries such
that a1+ a2+· · ·+ am = k, where ai stands for the multiplicity with which xi occurs in the multi-set.
For example, {x1, x1, x2} can be expressed as (2, 1, 0, . . . , 0).
For multi-sets A = (a1, . . . , am) and B = (b1, . . . , bm) of X , we define their ‘‘union’’ A ⊔ B =
(a1 + b1, . . . , am + bm). We say that A ‘‘belongs’’ to B, A @ B, if a1 ≤ b1, . . . , am ≤ bm.
LetF be a family of multi-sets of X of size k. We say thatF is r-cover free if, for any distinct multi-
sets A, A1, . . . , Ar in F , A @̸ A1 ⊔ · · · ⊔ Ar . Let f˜r(m, k) be the maximal cardinality of an r-cover-free
family of multi-sets of size k from anm-element set.
Lemma 2.
f˜k(m, k) ≤ m.
Proof. This is Lemma 6 in [1]. 
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4. Proof of Theorem 1
The lower bound follows from Theorem 1 in [1] whenever k ≤ 16 log xlog log x . The proof of the upper
bound is a combination of Lemmas 1 and 2 similar to that in [1].
Let X be the set consisting of primes x2/(k+1)/(log x)2 < p ≤ N , numbers a1 > x2/(k+1)/(log x)2 that
are products of two primes coming from type (II) in Lemma 1, and numbers 1 ≤ q ≤ x2/(k+1)/(log x)2.
We have |X | = π(x)+ O

(k+ 1)2 x1/2
(log x)2

when k ≤ 16

log x
log log x .
Given any sequence A with numbers ≤ x, we assign to every n ∈ A a unique factorization
n = a1(n)a2(n) . . . ak(n) of the form described in Lemma 1, and associate to it the multi-set F(n) =
{a1(n), a2(n), . . . , ak(n)} of X .
Now suppose that no term of the sequence A divides the product of k others. Then our family
of F(n)’s must be k-cover free, for otherwise if F(n) @ F(n1) ⊔ F(n2) ⊔ · · · ⊔ F(nk) for some
distinct n, n1, . . . , nk ∈ A then n clearly divides n1n2 . . . nk. Therefore, by Lemma 2, |A| ≤ |X | =
π(x)+ O

(k+ 1)2 x2/(k+1)
(log x)2

, which gives the upper bound for the theorem.
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